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Abstract

Bradley—-Terry models are a standard tool for learning reward models from RLHF
preference data, but they rely on a single latent score and may fail to capture
heterogeneity in human decision criteria. We study a random-logit alternative in
which each user is associated with a latent mixing weight « € [0, 1], and the utility
of a response is modeled as a mixture of two objectives. We show that identification
of the mixing distribution requires at least three options per question/prompt.
We then develop a two-stage algorithm to estimate both the global parameters
and the population distribution F'(«). For empirical evaluation, we construct
a best-of-three dataset from facebook/community-alignment-dataset. Our
preliminary results suggest that meaningful human heterogeneity is present and
that our model can improve predictive performance relative to standard baselines.
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2 Introduction

Bradley-Terry reward models are widely used for RLHF preference data, but they impose a single
latent score and may fail to capture heterogeneous human criteria. Several prior works have attempted
to model human heterogeneity in preference data. For example, [[1] assume that preference data arise
from a collection of annotator groups, with annotators within the same group sharing preference
behavior. They use an EM algorithm with latent heterogeneity types to fit group-specific Bradley-
Terry models. However, such approaches remain tied to those discrete observed groups. If the number
of groups is large, the method can become computationally costly. If the number of groups is small,
there is no clear mechanism for generalizing the fitted heterogeneity structure to new annotators.

In this project, we study a two-stage random-logit alternative in which each evaluator m has an
individual mixing weight «,,, € [0, 1] that trades off a global feature and a prompt-specific residual
feature. For the ¢-th sample given by that annotator, the resulting utility of j-th (j € {0,1,2})
candidate answer is

Um,tj = OLle (pmta bmtj) + (1 - am)R2(pmt7 bmtj)7 Ay F(Oé) iid.

and choices are modeled through a best-of-three softmax. Here R; and Rs are two different objectives
people may consider for decision making. We show that moving from pairwise to best-of-three
comparisons is essential for identifiability of this new model.

Our estimation procedure has two stages. First, we jointly estimate shared parameters of single
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indexed reward (61, 62) and user-specific weights (v, ) by alternating optimization of a regularized
likelihood. Second, we fit a finite Beta mixture to the estimated «,,’s to summarize the population-
level distribution of evaluator heterogeneity.

K
Fla) =~ Z wy, Beta(a; ag, by)
k=1

Experiments are conducted on a best-of-three dataset derived from the training split of
facebook/community-alignment-dataset, which has multiple question-answer tuples for the
same annotator.

Our preliminary results suggest human heterogeneity in the extent to which user rely on global
features versus local prompt-specific residual features. Moreover, once we estimate the heterogene-
ity distribution F'(«), even a simple downstream model, logistic regression of « on the enlarged
embedding features, could improve performance on the test dataset: prediction accuracy increases
and negative log-likelihood decreases. Together, these results indicate that explicitly modeling user
heterogeneity can lead to better predictive performance. Notably, there is no overlap in human
annotators between the training and test splits. This means our method is evaluated on entirely unseen
evaluators, providing evidence that it can generalize beyond the annotators observed during training.

3 Related Work

Paired-comparison modeling could date back to Thurstone’s experiments in the 1920s [2]. Bradley
and Terry [3] introduced the foundational Bradley-Terry model, which represents each item by a
single latent score. While appealingly simple, this one dimensional score structure imposes strong
restrictions (e.g., ignorance of heterogeneity [4] , or independence of irrelevant alternatives [5]),
motivating a long line of extensions. In modern LLM alignment, reward modeling still commonly
adopts the Bradley-Terry model, yet recent work has highlighted potential misspecification and
proposed more expressive preference models to capture intransitivity or multi-dimensional structure
[6, 7, 18]]. In Vasilis recent paper [1], they assume that preference data arise from a collection of
annotator groups, with annotators within the same group sharing preference behavior. They use an
EM algorithm with latent heterogeneity types to fit group-specific Bradley-Terry models. However,
such approaches remain tied to the observed groups.

In this project, rather than introducing discrete latent types, we model human heterogeneity through
a continuous mixing weight a. Our approach builds on the random-logit model, which is widely
used in social decision theory. To ensure identifiability in our setting, we work with best-of-three
preference comparisons data and derive the corresponding theoretical guarantees using results of the
identifiability of mixing coefficient from [9]. For estimation, we use coordinate descent and adapt the
EM framework of [10] to the RLHF setting with user-level heterogeneity.

4 Approach

4.1 Identifiability.

To capture the human heterogeneity, we assign a latent mixing weight to each human annotator.
Suppose there are M annotators, and annotator m provides 75, in total best-of-three comparisons.
For annotator m and comparison ¢, let p,,,; denote the prompt-bin index, and let

Smt - {bmtla bmt27 bmt?)}

be the three candidate answer-bin indices, and let y,,,; € {1, 2, 3} denote the winning candidate index.
In our implementation, each candidate response is represented by two feature channels. First, for
each answer bin b, we construct a global feature

qbglobal(b) S Rd-

Second, for each prompt bin p and answer bin b, we construct a prompt-specific feature for that
answer bin

¢prompt (p7 b) € Rd'



We then define
¢1(p,b) == Pglobal (),
and orthogonalize the prompt-specific feature against the global feature by projection:

(¢5™ (p,b), 91 (p, b))
[61(p, b)|I3

After orthogonalization, both channels are projected to a lower-dimensional PCA space. By abuse
of notation, we continue to write the resulting projected features with a new, lower dimension d,
#1(p,b), p2(p,b) € R Here it is important to note that, at test time, if no sample is assigned to a
particular (prompt, answer) bin, we set ¢**" = 0 instead of "™ = @gioba1. This prevents the local
feature from becoming too parallel to the global embedding with no observed support.

gaw(p’ b) = ¢pr0mpt(pa b)a ¢2(p7 b) = an(p, b) -

Let 61, 65 € R? denote the coefficients of the two reward channels. They are same across different
evaluators and prompts. For candidate j € {1, 2,3} in comparison ¢, define

Ri(t,5) = ¢1(pe,biy) 01 = ¢1(by;) " 01, Ry(t,j) = ¢a(ps, bej) " 02.
The evaluator-specific utility is
Umtj - a'rrLRl(ta.j) + (1 - am)RQ(taj)a Qo S [07 1] (2)

Thus, o, = 1 emphasizes the global answer pattern, while a.,,, = 0 emphasizes the prompt-specific
residual pattern. Conditional on «,,, evaluator m chooses among the three candidates according to

exp(Upyi;)

P 3
Zgz 1 eXP(UmtIZ)

Pr(ymt = ] | 'Srnty [675%) 917 92) -

Under this specification, we rely on best-of-three comparisons rather than pairwise comparisons to
make the model identifiable. The proof is provided in the appendix [A.T]

4.2 Estimation

Stage 1: user-level estimation. Let m(n) denote the evaluator attached to observation 7, and let
yn € {1,2, 3} be the winning candidate index. For each observation n, define the feature tensors

Xl,nj = ¢1(pn7 bnj)a XZ,nj = ¢2(pna bnj)a j=12,3.

The Stage 1 objective in our method is the regularized observed log-likelihood

exp (QM(n)XInynel + (1 — am(n))X;:ny,LGZ)

N
ﬁ(alv 02; A1y..ny O[]\/j) = Z log
n=1 Z?:l exp (O‘m(n)XlTnjel + (1 — Oém(n))XQTanQ) (4)

A
- §(||91H3 +[162]13),

subject to
N N
Yo Xy 01 =0, Y X, 02=0,  61(0,6)701 >0, ®)
n=1 n=1

where b* is a fixed anchor answer bin. The first two constraints remove scale-invariant non-
identifiability in the two channels, and the anchor constraint fixes the remaining sign ambiguity.

We optimize (@) by alternating updates:

1. a-step. With (61, 0-2) fixed, update each evaluator-specific scalar «,,, by solving the one-
dimensional bounded problem

T

— exp(az +(1-a)z
G, = arg max Zlog 3 p( L £ ( ) ltyt) ?
acle,1—¢] =1 ijl exp(azl,w 4+ (1 — 0‘)752,t,j)

(6)

where
T T
21,5 = X450, 2245 = Xoy jbo.



2. f-step. With o, ..., ay fixed, update (61,62) by solving the constrained problem in
-G

3. Repeat the two steps until convergence.

After Stage 1, we obtain the fitted evaluator-level heterogeneity

ala"'adl\/fa

together with the global coefficients él, 92.

Stage 2: Beta-mixture fit on user-level heterogeneity. To summarize the empirical distribution of
human heterogeneity, we fit a finite mixture of Beta distributions to the Stage 1 estimates:

K

K
Fla)~ Zwk Beta(a; ag, by,), Zwk =1, wg>0. @)
k=1 k=1

The Stage 2 objective is

M K
1 B Vs .

We optimize (8) by EM:

1. Initialize (wy, ag, by )X,

2. E-step. Compute the responsibilities/ posterior membership probabilities of component &

for user m .
wy, Beta(dm; ag, br)

VRS - ©))

Z,{il wy Beta(&y,; ag, be)

3. M-step. Update the mixture weight of component &
| M
wy, = ﬁ;hmk, (10)
and update (ag, by) by numerically maximizing the weighted Beta log-likelihood
M

(ak,by) = arg rr;%x Z humi log Beta(du,; a, b). (11

m=1

4. Repeat until convergence.

The fitted mixture in provides a low-dimensional summary of the distribution of user-level
preference heterogeneity.

S Experiments

5.1 Data

We use the training split of the facebook/community-alignment-dataset [L1]. For each sample,
it contains prompt, response a, response b, response c, response d and preferred response. Also there
are meta data: such as assigned language, annotator age, annotator gender, annotator education level,
annotator political, annotator ethnicity, and annotator country.

In our preprocessing pipeline, each retained turn contains one prompt, four candidate answers for
that prompt, one preferred response label, and an annotator_id. Since our user-level model requires
repeated evaluator identifiers, we discard examples with missing annotator information. We then
convert each best-of-4 comparison into a best-of-3 comparison by retaining the preferred response
and sampling two rejected responses from the remaining candidates. For each example, we store
the raw annotator_id, an integer user_id, the prompt text, the three candidate answers and the
winning index.



5.2 [Evaluation method

To evaluate the improvement of our new model compared to the baseline standard Bradley Terry
model, we use two criteria, negative log-likelihood and prediction accuracy on test dataset. For user
v, prompt bin z,,, the winner index y,, and choice set S,,, the baseline choice probability and the
new marginal choice probability:

exp (R (T, Yn))

D0 (Yn | Snsxn) = - (12)
Zjesn €xXp (R (xm J))
exp (Uy,, (n,Yn))
P1\Yn Sny T, 0tn) = EanwF = ; (13)
(o ’ s, P Ua, (£.7))
We will evaluate improvement based on the following two statistics:
1

Al = N, Z (10gp1 (yn | Snaxvu an) - IOgPO (yn | Snaxn)) . (14)
test ne test

acc = > Hin == yn}- (15)

test netest

To ensure a fair comparison, we construct two baseline standard Bradley—Terry models: one based
on the global feature, with reward function R, = ¢{ 6, and the other based on the local residual
feature, with reward function R, = ¢, 0;.

5.3 Experimental details

Data preprocessing. We use the train/test split constructed from the Community Alignment dataset,
stored as bestof3_train_full.npz (size=185431) and bestof3_test_full.npz (size=47643).
Each observation is a best-of-three comparison with candidate set .S,, = {by,1, bn2, b3} and winner
index y,. We remove observations with duplicate answer bins and also remove exact duplicate
rows. Moreover, in Stage 1 we restrict attention to users with at least five observations, so that each
user-level heterogeneity parameter can be estimated from a nontrivial number of comparisons.

For the utility model, we construct feature maps ¢; and ¢ by , where ¢4 (p, b) is the global feature
map and ¢»(p, b) captures residual prompt specific information beyond the global pattern. We then
fit PCA on the training feature maps and use the same PCA transformation for both training and test
data. In the implementation, the PCA dimension is set to 40.

Stage 1: user-level estimation. In the first stage, we estimate global parameters (61, 63) together
with a scalar heterogeneity parameter .,, € (0,1) for each user m. To stabilize the user-level
estimation, we place a Beta(2, 2) prior on each «,,. We also impose identifiability constraints on
(01, 62), including two centering constraints and a sign constraint using an anchor answer bin 0. The
optimization is run until the increase in log-likelihood is below the tolerance threshold.

Stage 2: Beta-mixture fit on user-level heterogeneity. After Stage 1, we obtain a collection of
user-level estimates {Q,,, }}/_,. To summarize heterogeneity across the annotator population, which
will enable generalization, we fit a finite Beta mixture model

K K
fla) = Zwk Beta(a; ag, by, Zwk =1,
k=1

k=1

to the empirical distribution of @,,. In the experiments, we set K = 3. The mixture is estimated by
an EM algorithm, and each user is weighted by the number of comparisons contributed by that user.
This stage provides a population-level characterization of heterogeneity.

Predicting o from an enlarged feature map. To generalize beyond users seen during training, we
next learn a predictor for e based on observation-level embeddings. For each comparison, we build
an enlarged feature vector

__ | pref _lose _prompt 2Dans +Dp "
Ty = e'n. R e'n, , en c R ans promp ,



where ePef € RPans js the embedding of the preferred answer, e!9%¢ € RPans is the average embedding
of the two non-preferred answers, and eP™°™Pt € RPrromet jg the prompt embedding. We convert the
Stage 1 user estimate into a binary label at the observation level,

2z = 1{yn) > 0.5},
and then fit a logistic regression model
Pz, =1|z,) = cr(ﬁTxn + b),

where o(t) = 1/(1 + e~*). Before fitting logistic regression, we apply PCA to the enlarged feature
map on the training set and reuse the same transformation on the test set. The predicted probability
from this classifier is then used as the estimated « value for test observations.

Evaluation on three models. We compare the following three models on the held-out test set.

1. User-heterogeneity model with predicted o.. We use the Stage 1 estimates (51, 52) together
with the logistic prediction &, for each test observation. The test-time utility is

Unj = G ¢1 ;00 + (1 — @n) ¢ ;0.

2. Baseline 1: global Bradley—Terry. We fit a standard Bradley—Terry model using only the
global feature map,

Ur(zg‘) = ¢1,405-

3. Baseline 2: local Bradley—Terry. We fit another standard Bradley—Terry model using only
the local residual feature map,

¢
U\ = 3 0s.

For all three models, prediction is made by choosing the candidate answer with the largest logit. We
report both test negative log-likelihood and test accuracy.

5.4 Results

Distribution of estimated alpha

Stage-1: user level estimation convergence
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Stage 1: user-level estimation. In Figure[Ta| we present the count histogram of the fitted v values.
Figure[Tb] shows that the coordinate descent algorithm for 6 and « converges stably.

Stage 2: Beta-mixture fit to 7'(«). In Figure we present the fitted Beta-mixture distribution
together with its three components for k = 1,2, 3. The parameters for each component are in table[I]
Figure 2b]shows that the EM algorithm for fitting the Beta mixture converges.

Evaluation on three models. We evaluate the three models on the test dataset. Notably, there is
no overlap between the annotators in the test split and those in the training split, so this experiment
assesses generalization to previously unseen annotators. The test results, where lower negative log-

likelihood (NLL) indicates better performance and higher accuracy (ACC) indicates better prediction,
are shown in table 2]



Beta-mixture fit to alpha distribution

Stage-2: Beta-mixture convergence
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Component k w a b Mean
0 0.2579  8.1487  21.847739 0.2717
1 0.4468 8.9498 10.801071 0.4531
2 0.2952 154388 8.524372  0.6443

Table 1: Estimated parameters of the three-component fitted Beta mixture

Among the three methods, the user-a model achieves the best performance in both NLL and accuracy,
suggesting that incorporating user-level heterogeneity improves predictive performance on unseen
annotators. In appendix [A.2] we will share a concrete example where both baseline models give
wrong predictions but our user-a model picks the right one.

6 Analysis

6.1 Proof of Concept

First, due to the lack of large public datasets with repeated comparisons from the same annotators,
we need to perform binning at both the prompt level and the answer level. This approximation
may introduce noise. For example, two prompts with different semantics may be assigned to the
same prompt bin. In addition, the parameter « in our model measures heterogeneity in the relative
weight that annotators place on the global feature and the residual local prompt-specific feature. A
dataset with more explicit multi-objective preferences, such as trade-offs between helpfulness and
harmlessness, would provide an even more natural setting for this interpretation. Therefore, although
our preliminary empirical results are encouraging, we emphasize that the main contribution of this
project is the proposal of a new model together with a proof-of-concept experiment on real data.

6.2 Preliminary Results

Based on Figures [Ia] and [2a] we obtain preliminary evidence that there exists substantial human
heterogeneity in the extent to which annotators rely on global features versus local prompt-specific
features when making choices. The fitted distribution of « suggests that, at the population level,
most annotators place nontrivial weight on both sources of information, indicating a rational decision
process. At the same time, this heterogeneity cannot be adequately summarized by a simple average
value, since a = 0.5 is not the dominant mode in the empirical distribution.

For the evaluation results, we first explain why all three models achieve relatively low accuracy.

1. Computational limitation. Our original embeddings only have dimension 384, and we
further reduce them to dimension 40 using PCA in order to accelerate computation. This
dimensionality reduction likely removes some informative and representative features, which
may hurt predictive performance.

2. Binning approximation. We perform binning at both the prompt level and the answer level.
As discussed earlier, this approximation can be problematic because different prompts or
answers with distinct semantics may be grouped into the same bin, introducing additional
noise into the model.



Model NLL ACC
User-a model (« predicted by LR) 1.070614 0.412741
Baseline 1: Global BT model (using ¢gional)  1.088128 0.408777
Baseline 2: Local BT model (using ¢iocal) 1.098427 0.345349
Table 2: Test performance comparison across the three models.

3. Simplified logistic regression for a. To estimate the relationship between « and embed-
dings, we use a simplified logistic regression model. Although this approach is computation-
ally efficient, it reduces the problem to a binary classification task and may oversimplify the
underlying heterogeneity structure, which can in turn limit performance.

4. Generality of prompt domains. The prompts in the Community Alignment dataset cover
a wide range of domains, such as information gathering, life advice, planning, and other
open-ended tasks. Because these questions are broad and diverse, the underlying preference
patterns are more difficult to capture with a simple parametric model.

Therefore, we focus only on the relative comparison among the three models. We find that the user-a
model, although simplified through logistic regression, still outperforms both the global and local
baseline models. This result further supports our conclusion that human heterogeneity cannot be
adequately characterized as a simple average of the two objectives.

7 Conclusion

In this project, we propose a new random-logit style model for reward modeling in alignment. By
introducing a continuous parameter « € [0, 1] for each user, our framework provides a more flexible
way to capture human heterogeneity. More importantly, the fitted population level distribution of « is
itself informative: it helps us better understand human decision-making behavior and also improves
generalization to new users.

For future work, an important next step is to find a suitable dataset for the multi-objective setting
and evaluate how our method performs there. In such a setting, the distribution of « could provide
direct insight into how people trade off one objective against the other one, e.g., helpfulness against
harmlessness. Another direction is to replace logistic regression with a more expressive model for
capturing the relationship between o and embeddings. Overall, this project suggests that bringing
tools from social decision theory in economics community into LLM alignment is a promising
research direction.
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A Appendix

A.1 Identifiability

Denote P(i|S;, x) to be the probability that i is preferred to all elements in available set S;, given
prompt z. P(i|S;, z,a) to be the probability that 4 is preferred to all elements in S;, given the
distribution of o and prompt z. Here we use random-logit kernel and utility function U, ¢, ¢, for
P(i|S;, z, a):

PM&@z/P@@ma <m_/zem Unon0:0) _¢0aa. (16)

JES: exp a,01,02 (]))

We also assume that we have the known feature map for embedding and reward functions are
single-index. Let ® = [¢1, ¢a, ..., ¢,]T € R"*¥ denote a known feature matrix for a given prompt
x, where ¢; € R* is the feature vector of response i. Let 61,05 € R¥ parameterize the two reward
functions R; and Rs. With a single-index form

Rf(xai) = Qﬁ:@z,[ € {172}
Note that here we use the same feature map ¢ for both R; and R, for simpler notation, but this is not
necessary. With this re-parametrization
Ua,91792 (.’E, Z) = ol (iﬂ, 'L) + (1 - OZ)RQ(.’E, Z) (I7)
= ag; 1 + (1 — a)¢] b
= ¢; (02 + (61 — 62)).
Define 8 = 65 + a(f; — 63) = 02 + ad, our probability model now is

exp(¢7 B)
SH d . 18
(3,181 /Zjes o %)Tﬁfﬁ(ﬁ) 5 (18)

According to theorem 4.1 in paper [9]], f3(5) is identifiable when we have at least 3 options in
each available set S;. In other words, we need best of three preference data instead of only pairwise
comparison data.

A.2 Example

1. Prompt: Explain the importance of utilizing social media influences in this market?

2. Preferred by our user-a model, which also is the true winning answer: Utilizing social
media influencers in the handmade jewelry market is important because it allows for targeted
and niche marketing. Different influencers cater to different demographics, interests, and
styles, enabling you to reach specific segments of the market that align with your brand. For
example, if your handmade jewelry line focuses on eco-friendly and sustainable materials,
you can partner with influencers who specialize in green living or ethical fashion. This



targeted approach ensures that your marketing efforts are seen by people who are already
interested in what you offer, increasing the likelihood of conversion and brand loyalty.
Additionally, influencer marketing can be more cost-effective than traditional forms of
advertising, providing a higher return on investment for small businesses and independent
artisans.

. Preferred by global baseline: Social media influencers are essential in the handmade
jewelry market because they offer a form of social proof that traditional advertising cannot
match. When an influencer endorses a product, their followers are more likely to trust the
recommendation and consider purchasing the item. This is especially true for handmade
jewelry, which often involves a higher price point and a more personal connection with the
customer. Influencers can showcase your products in a lifestyle setting, demonstrating how
the jewelry can be styled and worn, which helps potential customers visualize the product
and makes it more desirable. Furthermore, influencers can provide feedback and insights on
your products, helping you refine your designs and marketing strategies.

. Preferred by local baseline: The importance of social media influencers in the handmade
jewelry market lies in their ability to create an emotional connection with their audience. In-
fluencers often share stories about the brands they work with, highlighting the craftsmanship,
sustainability, and ethical practices behind the products. This narrative-driven approach
resonates deeply with consumers who are looking for more than just a product — they want
to support brands that share their values. By collaborating with influencers who embody
these values, you can create a sense of community and social responsibility around your
brand, attracting customers who are loyal and passionate about handmade jewelry.
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